We study the moduli space of principally polarized abelian varieties over fields of positive characteristic. In this paper we describe certain unions of Ekedahl-Oort strata contained in the supersingular locus in terms of Deligne-Lusztig varieties. As a corollary we show that each Ekedahl-Oort stratum contained in the supersingular locus is reducible except possibly for small p.
Introduction
Let A g be the moduli space of principally polarized abelian varieties over fields of characteristic p > 0. The moduli space A g has the Newton polygon stratification, which is defined by isogeny types of p-divisible groups. Ekedahl and Oort introduced another new stratification on A g in [27] , which is now called the Ekedahl-Oort stratification: two principally polarized abelian varieties A and B are in the same stratum if and only if there exists an isomorphism between their p-kernels A [p] and B [p] over an algebraically closed field. The isomorphism classes of such p-kernels are classified by elements of a subset I W g of the Weyl group W g of the symplectic group Sp 2g . We write S w for the Ekedahl-Oort stratum related to w ∈ I W g . In the usual way we identify W g with { w ∈ Aut{1, . . . , 2g} | w(i) + w(2g + 1 − i) = 2g + 1} .
(
Let {s 1 , . . . , s g } be the set of simple reflections, where s i = (i, i + 1) · (2g − i, 2g + 1 − i) for i < g and s g = (g, g + 1). Let I = {s 1 , . . . , s g−1 } and let W g,I be the subgroup of W g generated by elements of I. We denote by I W g the set of (I, ∅)-reduced elements of W g (cf. [3] , Chap. IV, Ex. §1, 3) , which is a set of representatives of W g,I \W g . We also write W g for W g,I \W g /W g,I . Note I W g is explicitly given by
For c ≤ g let I W
[c]
and set I W and r(w) = w :
For each c, we fix once and for all a symplectic vector space (L 0 , , ) over F p 2 of dimension 2c and a maximal totally isotropic subspace C 0 over F p 2 of L 0 . Let Sp(L 0 ) denote the symplectic group over F p 2 associated to (L 0 , , ). Let P 0 be the parabolic subgroup of Sp(L 0 ) stabilizing C 0 . Let X be the flag variety Sp(L 0 )/ P 0 over F p 2 . For w ∈ W c , let X(w ) be the Deligne-Lusztig variety in X related to w . We shall review the definition of Deligne-Lusztig varieties in §2.6. In this paper we shall prove this theorem in the case of g ≥ 2. 
Main theorem. Assume c ≤ g/2 . For each w ∈ W c , there exists a finite surjective morphism

G(Q)\ X(w )
×
Preliminaries
We recall some basic definitions and facts on the Dieudonné theory, abelian varieties, the Ekedahl-Oort stratification and Deligne-Lusztig varieties.
The Dieudonné theory over a perfect field
We fix once and for all a rational prime p. Let k be a perfect field of characteristic p. We denote by W (k) the ring of Witt vectors with coefficients in k. We define a ring E = E k by the p-adic completion of
Here σ is the Frobenius map on W (k). A Dieudonné module over k is a left E-module M which is finitely generated as a W (k)-module. If M is also free as a W (k)-module, we call M a free Dieudonné module. The covariant Dieudonné theory says that there is a canonical categorical equivalence D from the category of p-torsion finite commutative group schemes (resp. p-divisible groups) over k to the category of Dieudonné modules over k which are of finite length (resp. free as W (k)-modules). We write F and V for "Frobenius" and "Verschiebung" on commutative group schemes. The covariant Dieudonné functor D satisfies D(F ) = V and D(V ) = F. 
satisfying 
α-groups
Let S be any scheme. A locally free finite group scheme G over S is called an
For α-groups, the covariant Dieudonné functor is extended as follows: there is an equivalence of categories from the category of α-groups over S to the category of locally free sheaves of finite rank on S, which is defined by composing the Cartier dual functor and the anti-equivalence obtained in [15] , Proposition 2.2. Also see [17] , Corollary 2.6 or [18] , 2.4. Let G be an α-group over S and let L be the associated locally free sheaf on S. Then the locally free sheaf associated to the Cartier dual G D is isomorphic to the locally free sheaf Hom(L, O S ).
Descent of polarizations
Let (Z, µ) be a polarized abelian scheme over S and set G := Ker µ. 
Let I be the locally free subsheaf of L associated to H.
Lemma 2.3.1. µ descends to a polarization on Y if and only if I is totally isotropic in L.
Proof. Paraphrasing the condition that
is zero. This is nothing but the condition that I is totally isotropic in L.
Minimal isogenies
Recall [17] , Lemma 1.3:
Lemma 2.4.1. Let k be a perfect field of characteristic p. For a supersingular Dieudonné module over k, there is a biggest superspecial Dieudonné module S 0 (M ) contained in M , and dually there exists a smallest superspecial Dieudonné module
Let K be an arbitrary field of characteristic p. We denote by K pf the perfect hull of K. For supersingular p-divisible groups G and H over K, an isogeny
. We also recall [18] 
The Ekedahl-Oort stratification
The main reference for the EO-stratification is [27] . For a formulation in terms of Weyl groups, see [8] , [19] and [20] . Definition 2.5.1. (1) A finite locally free commutative group scheme G over F p -scheme S is said to be a BT 1 over S if it is annihilated by p and Im(V :
Recall the classification of polarized BT 1 's.
Theorem 2.5.2. Let k be an algebraically closed field. There is a canonical bijection
Remark 2.5.3. This classification was obtained by Oort [27] , (9.4) and MoonenWedhorn [20] , (5.4), also see Moonen [19] . Instead of I W g , Oort used the set of elementary sequences (or symmetric final sequences), see below for the definition of them. The above formulation in terms of Weyl groups is due to Moonen-Wedhorn.
A symmetric final sequence of length 2g is a map
To each element w of I W g , we associate a symmetric final sequence ψ w defined by
This correspondence gives a bijection from I W g to the set of symmetric final sequences of length 2g. An elementary sequence of length g is the restriction of a symmetric final sequence of length 2g to {1, . . . , g}. Clearly to give an elementary sequence of length g is equivalent to giving a symmetric final sequence of length 2g. 
Let us recall the definition of the map E in Theorem 2.5.2. Let G be a polarized BT 1 over an algebraically closed field k and let N be the Dieudonné module of G. We define an operator V −1 on the set of Dieudonné submodules
and inductively we define a Dieudonné submodule sN of N for any word s of F and V −1 . It was shown in [27] , (2.4) that there exists a unique w ∈ I W g satisfying rk(FsN ) = ψ w (rk sN ) and rk(V
Let G be a polarized BT 1 over an algebraically closed field k. Let w = E(G) and put ψ := ψ w . By [27] , (9.4), we can express N = D(G) as follows:
with the operators F and V defined by
and the polarization , defined by
We shall use the following:
Proof. Obvious from (11) and (12) .
For w ∈ I W g , the Ekedahl-Oort stratum S w is defined to be the subset of A g consisting of points y ∈ A g where y comes over some field from a principally polarized abelian variety A y such that E(A y [p]) = w, see [27] , (5.11). As shown in [27] , (3.2), S w is locally closed in A g ; we consider this as a locally closed subscheme by giving it the reduced induced scheme structure.
Recall the result of Ekedahl and van der Geer:
Remark 2.5.7. Let w ∈ I W (c) . By Lemma 2.5.4 the condition c ≤ g/2 is equivalent to ψ w ( (g+1)/2 ) = 0. This is also equivalent to that S w is contained in the supersingular locus, see [5] , (3.7), Step 2 and [11] . Also see Proposition 3.1.5 below.
Flag varieties and Deligne-Lusztig varieties
We recall the precise definitions of flag varieties and Deligne-Lusztig varieties used in this paper.
Let (L 0 , , ) and P 0 be as in §1. Let F be a finite field containing F p 2 . Let X be the functor from the category of F-schemes to the category of sets, sending S to the set of totally isotropic locally free subsheaves of rank c of π * L 0 , where π : S → Spec(F) → Spec(F p 2 ). It is known that X is representable. We define the flag variety X(= X F ) to be the scheme representing X. It is known that X is regular and projective. For any algebraically closed field k over F, there exists a canonical bijection from X(k) to the set of parabolic subgroups of the form h (P 0 ⊗k) := h(P 0 ⊗k)h −1 for some h ∈ Sp(L 0 )(k), by sending a totally isotopic subspace of L 0 ⊗ k to its stabilizer group. Note that for h ∈ Sp(L 0 )(k) we have h (P 0 ⊗k) = P 0 ⊗k if and only if h ∈ P 0 (k).
Let w be an element of W c . Let K be a field containing F. Let x, y ∈ X(K) and let P, Q be the parabolic subgroups of Sp(L 0 ⊗ K) stabilizing x and y respectively. We say x and y are in relative position w if over an algebraic closure k of K there exists an h ∈ Sp(L 0 )(k) such that we have h (P ⊗k) = P 0 ⊗k and h (Q ⊗k) = v (P 0 ⊗k) for a lift v ∈ W c of w . We define X(w )(= X(w ) F ) to be the subset of X consisting of points x ∈ X such that x and Fr(x) are in relative position w , where Fr is the square of the absolute Frobenius on X. It is known that X(w ) is locally closed in X; we consider this as a locally closed subscheme of X by giving it the reduced induced scheme structure. We call X(w ) the Deligne-Lusztig variety related to w . By the same argument as in [6] , 1.3, one can check that X(w ) is regular.
Proof of the main results
The substantial part of the proof is §3.1. Here we associate a "flag" (i.e., a maximal totally isotropic subspace in a symplectic vector space) to each principally quasi-polarized Dieudonné module M over an algebraically closed field under the condition c ≤ g/2 , and describe the condition r(E(M/pM )) = w in terms of the flag. In §3.2 we review a classification of polarizations on the superspecial abelian varieties by making use of some arithmetic of quaternion unitary groups. In §3.3 we introduce the moduli space T µ,θ (w ) of certain isogenies of polarized supersingular abelian varieties and describe J w ,n in terms of T µ,θ (w ); moreover by using the result of §3.1 we show that T µ,θ (w ) is isomorphic to the DeligneLusztig variety X(w ). §3.4 is just a paraphrase of the result of §3.3. In the last subsection §3.5 we enumerate the irreducible components of J w and show the reducibility of Ekedahl-Oort strata contained in the supersingular locus.
Principally quasi-polarized Dieudonné modules with c ≤ g/2
Let k be an algebraically closed field of characteristic p. Let M be a principally quasi-polarized Dieudonné module of genus g over k.
and let V −1 S be as defined in (9) . For an E k -submodule M of M we denote by [11] , Lemma 6.2. 
Lemma 3.1.1. Let S be a k[F, V]-submodule of N such that VN ⊂ S. Then we have V
−1 FS = V −1 F S ∩ M . Proof. We have V −1 FS = V −1 FS ∩ M = V −1 (F S + pM ) ∩ M . Clearly VN ⊂ S implies VM ⊂ S ; hence pM ⊂ F S . Thus we obtain V −1 FS = V −1 F S ∩ M .S = V −1 FS = V −1 F S ∩ M by Lemma 3.1.1. From this, we have V S ⊂ F S ; then the a-number dim k S /(F, V ) S is equal to g. Hence S is superspecial. Then M is supersingular, since VM ⊂ S ⊂ M .
From the obvious inclusion (V
Since N is of finite length, the filtration is stable.
Lemma 3.1.3. Assume that M is supersingular and VM ⊂
Proof. By Lemma 3.1.1, we have
Let w = E(N ) and set ψ = ψ w . We choose a basis {b 1 , . . . , b 2g } of N as satisfying (11), (12) and (13) . Let N i be the subspace of N generated by b 1 , . . . , b i . Then we have a filtration
Lemma 3.1.4. Assume w ∈ I W (c)
g . Then we have
In particular if c ≤ g/2 , then N 2g−c is superspecial by Lemma 3.1.2.
Proof. (1) It suffices to show that b i ∈ VN ⇐ i > 2g − c. Clearly we have the equivalences
Since w −1 (1) < · · · < w −1 (g), the last condition is nothing but w(j) = j for
. This condition is equivalent to 
Consider the two maximal totally isotropic subspaces C = VM/VS 0 (M ) and (1) we have r(E(M/pM )) = w , see (4) for the definition of r,
Proof. Suppose (1). Put w = E(M/pM
). Let v be as above, i.e., the element of W c determined by 
Polarizations
Let E be a supersingular elliptic curve over F p whose F p -endomorphisms are all defined over F p 2 , see [26] , (4.1) for the existence of such an E. We denote by F the Frobenius endomorphism of E. Let O = End(E ⊗ F p 2 ) and let B denote O ⊗ Z Q, which is the quaternion algebra over Q ramified only at p and ∞ over Q. Note O is a maximal order of B. Let x → x denote the main involution of B.
We claim that every polarization on E g over F p is defined over F p 2 . By the definition of polarization (cf. [22] , Definition 6.3), we need only prove that all
show that all F p -endomorphisms of E g are defined over F p 2 . This follows since all F p -endomorphisms of E are defined over F p 2 .
Let n be a natural number with gcd(n, p) = 1, and let c be a non-negative integer with c ≤ g/2 . Let P c,n denote the set of pairs (µ, θ) of polarizations µ and level n-structures θ on E g such that Ker µ α ⊕2c p . Here α p is the finite group scheme Ker (F : G a → G a ) . Let F be the finite field F p 2 (E[n] ). Then every element (µ, θ) of P c,n is defined over F. From now on we write E instead of E ⊗ F. For two elements (µ, θ) and (µ , θ ) of P c,n , we say (µ, θ) ≈ (µ , θ ) if there exists an automorphism h of E g such that µ = h * µ and h • θ = θ. We write Λ c,n = P c,n / ≈. Note Λ c,n is a finite set.
Choose an element
. We define a quaternion unitary group G over Z by
for any commutative unitary ring R. It follows from [18] 
, where A ∞ denotes the finite adele ring. (We remark that G(Z l ) is isomorphic to Sp 2g (Z l ) for l = p.) Also K n is defined to be the kernel of the natural homomorphism from K to G(Z/nZ). It is known (cf. [13] , §2 and [18] , Ch. 8 and 9.12) that there is a bijection
which is defined as follows: for any element γ of G(
which is defined by sending h to f hf −1 .
The moduli space T µ,θ (w )
Assume g ≥ 2. We retain the notation of §3.2. We continue to assume c ≤ g/2 and gcd(n, p) = 1 and to write E instead of E ⊗ F. Let (µ, θ) be an element of Λ c,n . Set G = Ker µ, which is an α-group over F of rank p 2c . We identify (L 0 , , ) ⊗ F with the symplectic vector space over F associated to G.
Consider the moduli functor T µ,θ from the category of F-schemes to the category of sets, sending S to the set of isogenies
as polarized abelian schemes (i.e., µ S = ρ * λ and ρ • θ S = ϑ) such that λ is a principal polarization. Thus we obtain an isomorphism T µ,θ (S) X(S), which is functorial on S. Thus T µ,θ is represented by X.
There is a canonical morphism Ψ from T µ,θ to the supersingular locus W σ,n defined by sending ρ : (
is locally closed in T µ,θ ; we consider this as a locally closed subscheme in T µ,θ by giving it the reduced induced scheme structure. Let J w ,n be the subset of A g,n defined by
Note J w ,n is a locally closed subset of A g ; we give it the reduced induced scheme structure. (1) For every (µ, θ) ∈ Λ c,n there is an isomorphism over F:
(2) Ψ induces a finite surjective morphism over F:
Ψ :
which is bijective on geometric points. If n ≥ 3, then Ψ induces an isomorphismΨ :
whereJ w ,n is the normalization of J w ,n .
The main theorem
Assume c ≤ g/2 . Let n be a natural number with gcd(n, p) = 1. Let (µ 0 , θ 0 ) be the element of Λ c,n chosen in §3.2. Let w ∈ W c . We identify X(w ) with T µ0,θ0 (w ) and define the action on X(w ) of G(Q) by the natural action on
Theorem 3.4.1. There is a finite surjective morphism
Proof. Clearly the left hand side can be written as 
for any F p -algebra R, where ψ is the right hand side of (19) regarded as an element of M g (o). We can define a subgroup scheme
for any (26) is represented by an F p -scheme (a subgroup scheme of G p ). Note that N p is geometrically connected, and this is a unipotent normal subgroup of G p . We can also define a subgroup scheme L p over F p of G p by the functor 
for any F p -algebra R with
In particular L p is a connected reductive algebraic group.
Proof. Let R be any F p -algebra and set R = F p 2 ⊗ R. Let h ∈ GL g (R ). Write By (26) and (27) we have 
where ζ(s) is the Riemann zeta function and
Proof. As L p in (24) Proof. Set w = r(w). Corollary 3.5.1 says that the Hecke action on the set of connected components of J w is transitive. Since the Hecke action stabilizes S w , the number of connected components of S w is greater than or equal to that of J w . Clearly we have lim p→∞ H g,c ≥ lim p→∞ m g,c = ∞. Hence S w is reducible for sufficiently large p.
